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1'.-#&! &! #$% !?!3@'$! *,2'.# ! 2.'4! &' '6'.->-%! :S > K;( #* -#.$'%.#*

2!**,'1 ! 1'*1!  #"!. :S − K; )!  ')-%1')$!7 H'*$# <!.1#( # -#.$'%.# L

&' ' 2!**,%. ,1  #"!. 1#%!. +,' # U( !, *'@#( ! 2.X1%! &# !245! &' -!12.# '1

+,#"+,'. 1!1')$! &' ' *'. 1#%!. !, %0,#" #!  #"!. &' ,1# 2!*%45! -!12.#&#

)! #$% !?!3@'$! ' ,1 '12.R*$%1! +,' 2#0#.S ! 2.'4! &' '6'.->-%! )! A)#" &!
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 !"#$%$& '()%*+  $%!,$- *.",*" /0! $  "!1$ %! 0,* 2*33 *,!"(2*)* %!4!

-!" ,*($" $0 (50*3 *$ ,67(,$ !)8"! 9!"$ !  "!1$ %! ,!"2*%$ %$ *8(4$:$;<!8$

-0;8"*#%$ %$ 4*3$"  "!-!)8! %$  "!1$ %! !7!"2#2($&

c = maximo(0, S − V P (K))

=!)%$ !, 4(-8* $ 4*3$"  $-(8(4$ %$ 20-8$ %$ %()>!("$+  $%!,$- *.",*" /0!

S − V P (K) -!"6 ,*($" /0! S −K& ?!3$ "*2($2#)($ *)8!"($"+  $%!,$- 2$)230("

/0! $  "@,($ %! 0,* $ 1A$ %! 2$, "* *,!"(2*)* -!"6 -!, "! -0 !"($" *$ 4*3$"

%$ !7!"2#2($ (S−K) !+  $" !--! ,$8(4$+ $ !7!"2#2($ *)8!2( *%$ )A$ 4*3! *  !)*

& '--(, -!)%$+ $  "@,($ %* $ 1A$ %! 2$, "* *,!"(2*)* B (50*3 *$  "@,($ %*

$ 1A$ %! 2$, "* !0"$ B(*&

C7!, 3$D E*,$- 2$)-(%!"*" $- %*%$- *;*(7$ /0! -!50!, * "!3*1A$ C = S−KD

• F 1A$ %! 2$, "* G2H → IJK+LLM

• ?"!1$ %! ,!"2*%$ %$ *8(4$:$;<!8$ GNH → IJOL+LLM !

• ?"!1$ %! C7!"2#2($ GPH → IJQR+LL

S, ()4!-8(%$"  $--0( 0,* $ 1A$ %! 2$, "* *,!"(2*)* G2H& T*-$ !3! /0!("*

$;8!" $ *8(4$:$;<!8$ )!-8! ,$,!)8$+ 8!"6 %0*- $ 1U!-D F 1A$ VD C7!"2! *

$ 1A$& W!-8! 2*-$+ $ 20-8$ %* $ !"*1A$ -!"6 $ 20-8$ %$  "!1$ %! !7!"2#2($ %*

$ 1A$+ $0 -!<*+ P /0! B (50*3 * IJQR+LL& F 1A$ XD C7!"2!" * $ 1A$ ! 2$, "*"

$ *8(4$& W!-8! 2*-$+ $ 20-8$ 8$8*3 %* $ !"*1A$ -!"6 $  "!1$ %! ,!"2*%$ %$

*8(4$:$;<!8$ ,!)$- $ 4*3$" %* $ 1A$ %! 2$, "*+ $0 -!<*+ GN : 2H /0! B (50*3 *

GIJOL+LL : IJK+LLH Y IJQK+LL&

T$)230#,$-+ %!-8* Z$",*+ /0! )A$ 4*3! *  !)* !7!"2!" * $ 1A$ %! 2$, "* *)8!-

%! -!0 4!)2(,!)8$&



 !"#$%&' (

)'*+&', *+ -$./', 0.1!12+.3', + ,+%, 4+5

3./!$./',

 ! "#$%&#! $% '('&)'*+# $% #,*-%! !+# #.)/)0'&"%01% $%.)('$#! $% "#$%&#! "'1%"21)3#!

'('0*'$#!4 $%01.% #! 56')! !% $%!1'3' # "#$%&# $% 7&'389:3;#&%!<  ! "#$%&#! $% ,.%=

3)>3'*+# $% #,*-%! 1%01'" %?,.%!!'. # ,.%*# 0' $'1' 1 $% 6"' #,*+#4 $%0#1'$# ,#. 34

3#"# @60*+# $# ,.%*# $# '1)(# !6AB'3%01% C:D4 $' $'1' $% (%03)"%01# CED4 $# ,.%*# $%

%?%.3F3)# CGD4 $' )03%.1%H' '!!#3)'$' '# ,.%*# $# '1)(# !6AB'3%01% CσD % $' 1'?' $% B6.#!

$# '1)(# &)(.% $% .)!3# C.D4 )<%<4 c = c(S,K, T, t, σ, r)< I'.' )!1#4 !+# 0%3%!!2.)'! ;),J1%!%! '

.%!,%)1# $# "%.3'$# $% 3',)1')!4 0%" !%",.% "6)1# .%'&)!1'!4 56% 1#.0'" '! #,*-%! '1)(#!

K.%$60$'01%!L< M!!)"4 !#A %!!'! ;),J1%!%!4 N ,#!!F(%& "#01'. 6" ,#.1@J&)# 3#",&%1'"%01%

&)(.% $% .)!3# 3#" '*-%!4 1F16&#! % #,*-%!4 % "#!1.'. 56%4 !% 0+# ;2 ,#!!)A)&)$'$%! $%

'.A)1.'/%"4 # ,.%*# $% 6"' #,*+# ,#$% !%. #A1)$# '1.'(N! $#! ,'.O"%1.#! '3)"'<

P%!1% 3',F16&# !%.+# .%()!'$#! #! ,.)03),')! "#$%&#! %!1#32!1)3#! $# "#()"%01# $#

,.%*# $% 6" '1)(# >0'03%).# % !%6! .%!,%31)(#! )0!1.6"%01#! $%.)('1)(#!Q $%!1% "#$#4

,.%3)!'"#! .%(%. !6'! ,.)03),')! 3'.'31%.F!1)3'!4 ' >" $% @'H%. 6"' 3#..%1' "#$%&'/%"

$# '1)(# >0'03%).#< R0)3)'&"%01%4 !'A%"#! 56%4 ' &#0/# ,.'H#4 # ,.%*# $' '*+# !#A%4

1'"AN" !'A%"#! 56% ;2 6" .)!3# 0# )0(%!1)"%01# %" '*-%! C'&%'1#.)%$'$% %"A61)$'4

/%.'&"%01% 3;'"'$' $% (#&'1)&)$'$% %!1)"'$' ,%&# $%!()# ,'$.+# $#! .%1#.0#! ;)!1J.)3#!D<

S $# )01%.%!!%4 %" 0#!!# %!16$#4 #A1%. ' "%&;#. %!1)"'1)(' $% $%!()#=,'$.+# ,'.' ' '*+# %4

0%!1% 3'!#4 $%(%"#! 1%. 6"' )$N)' $% 3#"# # !%6 ,.%*# %(#&6) '# &#0/# $# 1%",# C56'01#

"')! &#0/% $# ,.%!%01%4 "')#. !%.2 ' )03%.1%H' 56'01# '# ,.%*# @616.#D< T)0'&"%01%4 #

,.%*# $' '*+# 0603' $%(%.)' !%. 0%/'1)(#4 ,#)! #! '3)#0)!1'! 1U" %" /%.'& .%!,#0!'A)&)$'$%

&)")1'$'4 #6 !%B'4 # ,.%*# "F0)"# $' '*+# $%(% !%. H%.#<
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 ! "#$%&'( )*+,-,./*%0 1%-/*%0 $2%)% .(2 3(),0(2 ), 1-,/*4/%&'( ), (1&5,2!

6 3%*(-*% )(2 3(),0(2 /(.2*),-% #$, (2 1-,&(2 ), $3% %&'( %1-,2,.7%3 $3 /(31(-8

7%3,.7( /%-%/7,-*9%)( /(3( 1-(/,22( ,27(/:27*/(

 

), ;*,.,- <( 1-(/,22( ), ;*,.,-

= $3 7*1( 1%-7*/$0%- ), 1-(/,22( ), >%-?(@ #$, 7,3 2*)( %310%3,.7, $7*0*9%)( .%

AB2*/% 1%-% ),2/-,@,- ( 3(@*3,.7( ), $3% 1%-7B/$0% 2$C,*7% % /D(#$,2E! F 1-(/,22(

), ;*,.,- /(.7,310% %2 /%-%/7,-B27*/%2 ),2/-*7%2 .( 1%-:G-%+( %.7,-*(- <HIJ 3(27-%

/(3( 1(),3(2 K/%0*L-%-M $3 3(),0( L-(N.*%.( G,(3=7-*/( %( 3(@*3,.7( ), %&5,2E!

O3% ),2/-*&'( .'(8-*G(-(2% ), $3 1-(/,22( ), ;*,.,- = (L7*)% 1,0( 0*3*7, ), $3

1-(/,22( ), 1%22,*( %0,%7P-*(Q Z(tk)Q <)( *.G0R2 -%.)(3 N%0? 1-(/,22E S 3,)*)% #$,

∆7 → TU

Z(tk+1) = Z(tk) + ε(t)
√
∆t

tk+1 = tk +∆t

(.), ε(tk) = $3% @%-*:@,0 %0,%7P-*% /(3 3=)*% T , @%-*V./*%  Q ($ 2,C%Q $3% @%-*:@,0

%0,%7P-*% .(-3%0 1%)-'(! 62 @%-*:@,*2 %0,%7P-*%2 ,3 *.27%.7,2 )*+,-,.7,2 (tk, tj) 2'(

3$7$%3,.7, .'( /(--,0%/*(.%)%2Q ($ 2,C%Q 1%-% j 6= k ! F 1-(/,22( ), ;*,.,- =

),2/-*7( /(3( $3 1%22,*( %0,%7P-*( (.), (2 *.7,-@%0(2 ), 7,31( 2'( 3$*7( 1,#$,.(2

<($ 2,C%Q 0,@%.)(82, ( 0*3*7, ), lim
∆t→0

Z(tk+1) = Z(tk) + ε(t)
√
∆tE , 1(), 2,- ),2/-*7(

/(3(U dz = ε(t)
√
dt

W(),3(2 ,27,.),- ( 1-(/,22( ), ;*,.,- )%)( 1(- dz = ε(t)
√
dtQ 2*310,23,.7, %)*/*8

(.%.)( 1%-V3,7-(2 /(.27%.7,2 % , LQ )%* -,2$07%.)( $3 .(@( 1-(/,22( X Q G(@,-.%)(

1,0% 2,G$*.7, ,#$%&'( )*+,-,./*%0 ,27(/:27*/%U

dx(t) = adt+ bdz <Y! E

Z%L,.)(82, #$,Q 1,0% ),4.*&'( ), $3 1-(/,22( ), ;*,.,- dz = ε(t)
√
dtQ 1(),3(2

,2/-,@,- % ,#$%&'( %/*3% .% +(-3%U

dx(t) = adt+ bε(t)
√
dt

 

 ! "#$%&''$ &'($%)'(*%$ "$+& '&# +&,-*+$ %$!$  !. '&/ 0-%*. +& $1'&#2.34&' . ".#(*# +& "&5$ !&-$'

 !. +.+. +*'(#*1 *36$ +& 7#$1.1*5*+.+&
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 !  ! ! "!#!$"!%!& "' ('%)*(!+ , ! "- .!&#-/ )0.- 1/ "!),'%!& "! 0!% 2-$0.'$.!0/

.!%!&-0 - #%-2!00- 23'&'"- "! 4.-

 

56! 1 !,#%!00- #-%7

dx = a(x, t)dt+ b(x, t)dz

8 #'%.)% "' !56'9:- ;<=/ 2-$0)"!%'$"->0! x(t) = LnS/ a = µ ! b = σ / #-"!&-0

&-"!+'% '+.!%$'.)('&!$.! - &-()&!$.- "- #%!9- "! 6&' '9:- '.%'(10 "' !56'9:-

")?!%!$2)'+ !0.-2*0.)2' "'"' '@'),-7

d(ln(S(t)) = µdt+ σdz/ -$"!

dS

S
= µdt+ σdz A;<BC

-$"!7

µ D ' .',' )$0.'$.E$!' "! %!.-%$- "- '.)(- -@F!.-G

σ D - "!0()- #'"%:- )$0.'$.E$!- "'0 .','0 "! %!.-%$- "-0 '.)(-0G

dt D #!56!$- )$.!%('+- "! .!&#-G !

dz D #%-2!00- "! H)!$!%

dS = µSdt+ σSdz / -@0!%('>0! 56!/ #!+- #%-2!00- "! 4.-/ .!&-07

a(x, t) = µS ! b(x, t) = σS

-$"! µ ! σ 0:- 2-$0.'$.!0 $:->$!I'.)('0 ! z 1 6& #%-2!00- "! J)!$!% #'"%:- "'"-

!& dz = ε(t)
√
dt < K-.! 56! - +'"- ")%!).- "' !56'9:- '2)&' 1 2-&#-0.- #-% "-)0

2-&#-$!$.!07

=< - .!%&- µdt 1 ' &1")' 2-& 56! dlnS(t) 2%!02! 2-& - .!&#- ! !0.* %!#%!0!$>

.'$"- '56) 6& )$(!0.)&!$.- +)(%! "! %)02-< L'&@1& 1 2-$3!2)"- 2-&- #'%E&!.%-

"! .!$"M$2)' A"%)?.C G !

B< - .!%&- σdz %!#%!0!$.' ' 2-&#-$!$.! '+!'.N%)' "'"' #-% 6&' ('%)*(!+ '+!'.N%)'

$-%&'+ #'"%:- 2-& "!0()- #'"%:- )I6'+ ' σ
√
t <

K-.! 56! - #%!9- "' '9:-/ S(t)/ 0!I6! 6& #%-2!00- @%-H$)'$- I!-&1.%)2- 2-& &1")'

µt ! "!0()- #'"%:- σ
√
t / -6 0!F'/ - #%!9- S(t) 1 6&' ")0.%)@6)9:- +-I$-%&'+ !,#%!00'

"' ?-%&' LnS(t) ∼ N(LnS(0) + µt, σ2t) / -$"! N(µ, σ2) "!$-.' 6&' ")0.%)@6)9:-

$-%&'+ 2-& &1")' µ ! ('%)E$2)' σ2
<

 

 !"#$ %" &'( ) *+$%( ,$-$ "./(.'-$- $ %01"-"./0$2 %" *#$ 1*.34( %" *# '0,( ,$-'0/*2$- %" ,-(/"++(

"+'(/5+'0/(6 72" 1(0 %"+".8(280%( ,"2( #$'"#5'0/( 9$,(.:+ ;0<(+=0 &'( " ) ( $.52(>( %$ -">-$ %$ /$%"0$

%( /52/*2( /(#*# ,$-$ ( /52/*2( "+'(/5+'0/(6  !"#$ %" &'( ) #"2=(- #"#(-0?$%( $ ,$-'0- %$ "@,$.+4(

/(# +)-0"+ %" A$<2(- +",$-$.%( ( '"-#( %" +">*.%$ (-%"# -"2$/0(.$%( B #*%$.3$ .$ /(#,(.".'" "+'(C

/5+'0/$6  2"#$ ) $#,2$#".'" $,20/$%( .$ 5-"$ %" D.$.3$+ #$'"#5'0/$+ " +"* *+( #$0+ /(.="/0%( ) .$

%"#(.+'-$34( %( #(%"2( %" E2$/FGH/=(2"+I *'020?$%$ ,$-$ ,-"/0D/$- (,3J"+ KLMN



 !"#$%"& #$ '()*"& +),-,.$)/"& $ &$0& 1$/)*-()*"& 2 

 !"# $!%& '! ()# &*&+,#- .#/0+'!1&/'#20! c = (S, t) )!%#0 34!5

dc =
∂c

∂S
dS +

∂c

∂t
dt+

1

2

∂2c

∂S2
dS2

67879

:#%# ;< %#0)1&'# &.+%&- 0&*!%#0 34!5

dS = µSdt+ σSdz → dS2 = (µSdt+ σSdz)2

dS2 = S2µ2dt2 + 2S2µσdtdz + S2σ2dz2

 #1 '!=/+>?# dt→ 0- "#@# dt2 → 0 ! dtdz → 0

dS2 = S2σ2dz2

A/&"+0&/'# dz2 B!1+=.&20! 34! (dz2 = dt)

C&D!/'# & &/<"+0! '! dz2- )!%#05

V ar(dz) = E[dz2]− E[dz]2

E[dz2] = V ar(dz) + E[dz]2 = dt+ 0 = dt

V ar(dz2) = E[dz4]− E[dz2]
2

E!F1!0!/)&%#0 & .41)#0! &)1&BG0 '& HI1%4"& E[(x− µ)4] = 3σ4
5

 #'!%#0 &=1%&1- /!0)! .&0#- 34!5

E[(dz − 0)4] = 3(V ar(dz))2

E[dz4] = 3dt2

C&D!/'#20! &0 04*0)+)4+>J!0 /& !34&>?# V ar(dz2) = E[dz4]− E[dz2]
2
- )!%#0

V ar(dz2) = 3dt2 − dt2 = 2dt2 = 0

V ar(dz2) = 0

K!0)& H#1%&- .#/."4+20! 34! dz2 )!% %G'+& dt ! B&1+L/.+& M6D!1#9- #4 0!;&- )1&)&20!

'! 4%& B&1+<B!" '!)!1%+/N0)+.&5

dz2 = dt

dS2 = S2σ2dt

O4*0)+)4+/'#20! #0 B&"#1!0 &.+%& !% 787 )!1!%#05

dc = ∂c
∂S
(µSdt+ σSdz) + ∂c

∂t
dt+ 1

2
∂2c
∂S2S

2σ2dt

A114%&/'#20! #0 )!1%#0 )!1!%#05

dc = ( ∂c
∂S
µS + σSdz + ∂c

∂t
+ 1

2
∂2c
∂S2S

2σ2)dt+ ∂c
∂S
σSdz

P< .!1)&0 .#/'+>J!0 34! '!B!% 0!1 &004%+'&0 F&1& 0!1 40&'& & !34&>?# &.+%&5
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 !  " # $% &'()* +,-(% $% (,*.)  /  0%*0 1 ( ")$)* )* -%2.,0%2")* 1)**3-%,* $ 

)145)6 %#.+',2$)  1)**,7,+,$ $% $% 8'% 9 & ,2.%("%:  (%*1%,") $ " # $% &'()*

;'"'( <

7! ) 0%(. $) =2 2.%,() )1%( .)2",2' 0%2"%<

.! )* 1(%4)* $)  ",-)>)7&%") $%-%0 *%?',( '0 $,*"(,7',45) +)?2)(0 +<

$!   45)>)7&%") 25) 1 ? $,-,$%2$)* )' )'"( * $,*"(,7',4@%*<

%! ,2%#,*"%0 .'*")* $% "( 2* 45) )' ,01)*")*< %

;! 25) %#,*"%0 (%*"(,4@%* 1 ( -%2$ *  $%*.)7%(") A*9)(" * +%*!<

B1+,. 2$)>*% ) .)2.%,") $%  (7,"( ?%0 %  1 (",( $ * 1(%0,** *  .,0 6 *%(C .(, $ 

'0 . ("%,( +,-(% $% (,*.) .)01)*" 1%+) 2D0%() $%  ",-)* AQs! -%:%* ) 1(%4) $)

 ",-) AE! 0 ,*  8' 2",$ $% $% )14@%* AQc! -%:%* ) 1(%4) $ )145) $% .)01( 

A.!F B7 ,#) *%(C ;%,"  $%0)2*"( 45) 1 ( '0 )145) $% .)01( 6 0 * (%*'+" $)

*%0%+9 2"% 1)$% *%( %2.)2"( $) 1 ( )1@%* $% -%2$ A-,$% GHIJ!F

Π = SQs + cQc

B07 *  * 1)*,4@%* *5)  ;%" $ * 1%+ 0%*0 ,2.%("%: K L * )*.,+ 4@%* $) 1(%4) $ 

 45)MF N)0) ) 1(O0,) $ )145) 25) - (, 6 %0 - +)(6 2) 0%*0) 0)2" 2"% $) 1(%4)

P -,*" 6 1 ( 0)2" ( '0 . ("%,( +,-(% $% (,*.) / ,01)(" 2"% * 7%( 8' +  (%+ 45)

%2"(%  - (, 45) $) 1(O0,) $ )145) %  - (, 45) $) 1(%4) P -,*" F

E%& dΠ '0 1%8'%2 - (, 45) 2) - +)( $%*" . ("%,( 6 +)?)K

dΠ = QsdS +Qcdc

Q*" - (, 45) / %*").C*",. 1 ( '0 */(,% $% .)07,2 4@%* %2"(%  ",-)* % )14@%*F

Q2"(%" 2")6 *% Qs % Qc *5) .)07,2 $ * " + 8'%K

QsdS +Qc
∂c
∂S
dS = 0

R%0)* 8'% dΠ = 0 %6 $%*" ;)(0 6 ) (%")(2) $ . ("%,( *% ")(2 *%0 (,*.)F S :%2$)>

*% Qs T H 1 ( *,01+,=. ( "%(%0)*K

dS +Qc
∂c
∂S
dS = 0

Qc = − 1
( ∂c
∂S

)

N)0) 0)*"( $)  2"%(,)(0%2"%6 ) .)01)(" 0%2") $)* (%")(2)* $)  ",-)>)7&%") 1)$%

*%( %#1(%**) 1)( UFVF

N)0) ) .)01)(" 0%2") $)* 1(%4)* $ )145) $% .)01( / ;'245) $) 0)-,0%2")

$)  ",-)>)7&%")6 .)0) &C -,*")  2"%(,)(0%2"%6 .)0 7 *% 2) .C+.'+) %*").C*",.)6
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 !"# $%&'()* ( + !% ' ,-(. /0 ( %-12( * $0 0! "#(3 **( 3(!( ( ' *3#1-( "(#

dS = µSdt + σSdz . %* !0'%&4%* &(* "# 4(* '% ("45( ' 3(!"#% "(' ! * #  6)

"# **%* "(#7

dc = ∂c
∂S
dS + ∂c

∂t
dt+ 1

2
∂2c
∂S2S

2σ2dt

809*-1-01&'()*  ! dΠ = QsdS +Qcdc 3(!7 Qs = 1  Qc = − 1
( ∂c
∂S

)
. - # !(*7

dΠ = dS +
(

−1
(
∂c
∂S
)
)(

∂c
∂S
dS + ∂c

∂t
dt+ 1

2
∂2c
∂S2S

2σ2dt
)

dΠ =
(

− 1
( ∂c
∂S

)
)∂c
∂t
dt+ 1

2
∂2c
∂S2S

2σ2dt
)

8%9 &'()* /0 Π : 0!% 3%#- 1#% ;12# ' #1*3(. "%#% /0 &5( <%=% "(**191;1'%' ' 

%#91-#%$ !. - !)* 7

dΠ = rΠdt

8%9 !(* /0 Π = S
(

−1
(
∂c
∂S
)
)

c. ;($(7

dΠ = r
(

S
(

−1
(
∂c
∂S
)
)

c
)

dt

,$0%;%&'()* %* '0%*  /0%4> * %31!%. - !(* /0 ( "# 4( ' 0!% ("45( ' 3(!"#%

: '%'( " ;% *(;045( 3?8.-@ . "%#% %  /0%45( '1A # &31%; "%#31%;7

∂c

∂t
+

1

2

∂2c

∂S2
S2σ2 +

∂c

∂S
rS = rc ?BCD@

E F/0%45( G1A # &31%; "%#31%; &5( ;1& %# %31!% "%#% "# 31H3%45( ' 0!% ("45( 3?8.-@

30=( %-12()(9= -( : 8 "(' * # # *(;21'% %-#%2:* '( I:-('( ' G1A # &4%* J1&1-%*

"%#% 0!% ("45( ' 3(!"#% ?"(#  6 !";(. "%#%
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√
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$ 5 1%6% -0 7#$+8 809 $!83+: 0

1 5 ;$%./+ %,#%4 -+ <$%=+ -0 >0,3!90,1+ -% +<./+:

? 0@#%./+ %3!9% 80$>0 <%$% @#%4@#0$ +<./+ @#0 10,A% + <$0.+ -+ %1!>+ BC8!3+ 3+9+

D,!3% >%$!C>04 @#0 !,E#0,3!% + <$0.+ -% +<./+'

*+,;+$90 FGHI #9% -%8 3%$%310$J81!3%8 9%!8 !9<+$1%,108 -+ 9+-04+ K @#0 % 0@#%./+

,/+ 0,>+4>0 ,0,A#9% <$0;0$L,3!% -+ !,>081!-+$ @#%,1+ M 8#% 06<+8!./+ %+ $!83+'

281+ +3+$$0I <+$@#0 + 9+-04+ %3!9% ,/+ 0,>+4>0 % 1%6% -0 $01+$,+ 08<0$%-+ σ @#0

-0<0,-0 B%8!3%90,10 -+ ,J>04 -0 $!83+ % @#0 + !,>081!-+$ <$010,-0 80 06<+$'

?<08%$ -+ 06<+81+ %3!9%I 06!8109 >C$!%8 0>!-L,3!%8 09<J$!3%8 -0 @#0 %8 <$09!88%8

,/+ 8/+ $08<0!1%-%8' N9 0609<4+ % 80$ 3!1%-+ K % >+4%1!4!-%-0 -+ $01+$,+ -+ %1!>+

@#0I ,% <$C1!3%I ,/+ K 3+,81%,10I <+!8 +8 %,%4!81%8 -0 90$3%-+ <$03!8%9I ;$0@#0,10O

90,10I %410$%$ % >+4%1!4!-%-0 @#%,-+ #8%9 + 9+-04+ -0 P4%3QRS3A+408 <%$% 3%43#4%$

+ >%4+$ -0 +<.T08' ?4K9 -!88+I F(UH 9+81$%9 %8 ;%4A%8 -+ 9+-04+ -0 P4%3QRS3A+408I

#9 0609<4+ % 80$ 3!1%-+ K % "0$%./+ -0 <$0.+8 90,+$08 @#0 +8 -0 90$3%-+ <%$%

+<.T08 @#0 081/+ V-0,1$+ -+ <$0.+W' X#1$+ <$+B409% K @#0 ,/+ <+-0 80$ $08+4>!-+

%1$%>K8 -+ 9+-04+ -0 P4%3QRS3A+408 % <$03!Y3%./+ -0 +<.T08 -0 >0,-% -+ 1!<+

%90$!3%,%I +# 807%I % ;Z$9#4% 8Z 80 %<4!3% <%$% + 1!<+ 0#$+<0#'

?+ $04%6%$ 1%!8 <$09!88%8 081%B0403!-%8 ,+ 9+-04+ -0 P4%3QRS3A+408I 09 "0$%4I %

0@#%./+ -!;0$0,3!%4 3+$$08<+,-0,10 ,/+ <+88#! 8+4#./+ %,%4J1!3%I <+$ 081% $%=/+ 8/+
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 !"#$! %&'$#$! ( %&)*+$!, +$%$ "-'.)("'*/", 0")" $1'.)  %" !$- 23$ "0)$4*%"#"5

6$ 0)74*%$ +"08' -$ !.)3$ "0).!.('"#$! $! 0)*(+*0"*! %&'$#$! ( %&)*+$! .%0).9":

#$! 0")" +$('$)(") .!'.! 0)$1-.%"!5

;5 <$#.-$! =7!:>-"+?@A+B$-.!

C% ).-"23$ "$ %$#.-$ #. >-"+?@A+B$-.!, "-9 (! "/"(2$! D$)"% )."-*E"#$!, !.(#$

F . '$#$! !. 1"!.")"% ($ ).-"4"%.('$ #.  %" $ %"*! +$(#*2G.! *#."*! "!! %*#"!

0.-$ %$#.-$ $)*9*("- #. >-"+?@A+B$-.! H/*#. IJKL I;MLN5

< *'"! 0.!F *!"! D$)"% )."-*E"#"!, /*!"(#$ '.!'") $ %$#.-$ #. >-"+?@A+B$-.!, 0$:

)&%, .-. "*(#" +$('*( " !.(#$ " 1"!. 0")" % *'$! %$#.-$!5 O0.!") #. .4*!'*).%

#*D.).(2"! H0).2$! #. %.)+"#$ .% ).-"23$ "$! 0).2$! #"#$! 0.-$ %$#.-$N, .!'"! #*:

D.).(2"!, F "(#$ +$%0")"#"! "$! + !'$! $0.)"+*$("*!, 'P% !*#$ 0.F .("!5

Q! ).'$)($! #" "23$:$1R.'$ !.9 .%  % 0)$+.!!$ #. #*D !3$ . !"-'$! #. =$*!!$( H/*+.

IJSLN5 Q %$#.-$ & 9.(.)"-*E"#$ 0")" $ +"!$ #. '"4"! #. R )$! .!'$+T!'*+"!, .% $+"!*G.!

$(#. $ 0)"E$ "'& $ /.(+*%.('$ #. $023$ & -$(9$ . "! '"4"! #. R )$! !3$ /$-T'.*!5

C!'" "#"0'"23$ & D (#"%.('"- 0")" $ ')$! )"%$! #"! U("(2"!, +$%$, 0$) .4.%0-$,

"(T-*!. #. *(/.!'*%.('$!, $(#. $ 0)"E$ "'& $ /.(+*%.('$ & -$(9$ . *(+.)'$5

A.9 *(#$ $ %$#.-$ #. >-"+?@A+B$-.!, IJSL %$!')" F . $ /"-$) #" $023$ " %.('"

+$('*( "%.('. (" %.#*#" .% F . ' H'.%0$N, ) H'"4" #. R )$!N $ σ H/$-"'*-*#"#.N " :

%.('"%5 C% +"#"  % #.!'.! +"!$!, $ -*%*'. ! 0.)*$) & $ 0).2$ #" "23$5 O)9 %.('"

F . $ /"-$) #" $023$ & !.%0). %"*$) #$ F . !.)*" !. .-" D$!!. .4.)+*#" *%.#*"'":

%.('.5 V.!'" D$)%", & #. !. .!0.)") F .  % *(/.!'*#$) )"+*$("- !7 .4.)+.)*" ! "

$023$ #. +$%0)" ($ /.(+*%.('$, +$(+- *(#$:!., .('3$, F . $ /"-$) D$)(.+*#$ 0.-"

D7)% -" "0-*+":!. '"%1&% " $02G.! #. +$%0)" #$ '*0$ "%.)*+"($5 W$% 0.F .("!

%$#*U+"2G.!, " D7)% -" "0-*+":!. " $02G.! #. /.(#" #$ '*0$ . )$0. 5

Q /"-$) #.  %" $023$ #. /.(#" #$ '*0$ "%.)*+"($ !.)T !.%0). %"*$) #$ F . $ #.

 %" #$ '*0$ . )$0. , 0$*! BT !.%0). " 0$!!*1*-*#"#. +$(+).'" #$ .4.)+8+*$ "('.! #$

/.(+*%.('$ H(3$ "#.F "1*-*#"#. #$ %$#.-$ #. >-"+?@A+B$-.! 0")" " 0).+*U+"23$

#.!'. '*0$ #. $023$N5

O1$)#"(#$ .!'. "!! ('$, 0)*%.*)$ IJSL 0)$0G.  % %$#.-$ ($ F "- " '"4" #. R )$!

&  %" /")*T/.- .!'$+T!'*+", .% !.9 *#", IJSL . IXL #.)*/"%  %" .F "23$ 0")" $ +"!$

.% F . " ./$- 23$ #$ 0).2$ #" "23$:$1R.'$ "0).!.('"  %" +$%0$(.('. #.!+$('8( "5

V.!'. %$#$, .-.! /.)*U+"%, #. D$)%" .40-*+*'", " #.!+$('*( *#"#. #" #*!')*1 *23$

#$! ).'$)($! #" "23$:$1R.'$5 Y "#%*'*#" " .4*!'P(+*" #. #$*! +$%0$(.('.! #*!'*('$!

F . +" !"% #*D.).('.! /")*"2G.! ($ 0).2$ #" "23$Z
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 ! " #$%&$'(')( #$')*'+$, -(.&$'./0(1 &(1$ -(2(3$ 4$. 4(.(5+61*7-6$. )(%&$-/-6$.

(')-( $8(-)9 ( 4(%9'49 ( 9 #:(;949 4( '$09. 6'8$-%9<=(. ;(-96. .$7-( 9 (#$'$%69,

> %$4(194$ .(;+'4$ +% &-$#(..$ &94-?$ 4( @6('(-!

A! " #$%&$'(')( 46.#-()$, $+ &$- .91)$., 5+( -(2()( 9 #:(;949 4( '$09. 6'8$-%9<=(.

(.&(#*B#9. .$7-( 9 9<?$ $+ $ .()$- (% 5+( 9)+9, > %$4(194$ &$- +% &-$#(..$ 4(

C$6..$', #$% )939 λ, 5+( -(2()( $ 'D%(-$ 4( .91)$. &$- +'6494( 4( )(%&$!

" %$4(1$ 4( E19#FGH#:$1(. > -(19)609%(')( #$%&1(3$, (')-()9')$, > %96. #$%&1()$,

&$6. )(% (%7+)64$ $ %$4(1$ 4( 46.)-67+6<?$ 4$. &-(<$. 49 9<?$I$7J()$! K %96I

$-69 49. 6'.)6)+6<=(. B'9'#(6-9. +.9 $. %$4(1$. %9)(%/)6#$. 4( E19#FGH#:$1(. (

E6'$%691, 5+( .(-0(% 79.6#9%(')( &9-9 )-94+L6- $ #$%&$-)9%(')$ 4$. &-(<$. 4$.

4(-609)60$. 8-(')( 9$. &-(<$. '$ %(-#94$ M 06.)9 N.&$).O!
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 ! "#$%&# '()#*(+&

,#* # #-.%/(0# $% $%1)(2 # 32%4# $% 5*+ #346#7 *5(/#8 *#$%&#8 9#2+* $%8%):

0#&0($#8! ;* $%&%8 < # /2+-+&=# ()(>(+$# 3#2 ?(&&(+* @=+23%7 A5% $%8>#-2(5 5*+

9#2*+ $% +)+&(8+2 # 0+&#2 $% /B/5&#8 8(*(&+2%8 C8 #34D%8! E&<* $% 85+ 8(*3&(>($+$%7

# *#$%&# 32#0#5 8%2 /+*-<* %1>(%)/% )+ 32F/(>+7 $%3#(8 $% /%8/%8 )#8 *%2>+$#8

+*%2(>+)#8 % %52#3%58! ,#*# # *#$%&# < $% 9F>(& $%8%)0#&0(*%)/#7 +>2%$(/+:8% A5%

3#$% 8%2 +3&(>F0%& + /#$#8 #8 *%2>+$#87 ()>&58(0% # -2+8(&%(2#! GHI % GJKI +*3&(+2+*

# >#)>%(/# $# *</#$# % # +3&(>+2+* +# *%2>+$# $% #34D%8 8#-2% +4D%8 +*%2(>+)+8!

L "#$%&# '()#*(+& 3+2/% $# 32%8853#8/# $% A5%7 )# M&/(*# ()8/+)/% 3+2+ %N%2>B>(#7

# 0+&#2 /%*3# $+ #346# < O%2#7 >#*# )6# 3#$%2(+ $%(N+2 $% 8%2! ,#)8($%2+:8% A5%

)+A5%&% *#*%)/#7 + #346# %8/F $%)/2# #5 9#2+:$#:$()=%(2#7 /%* 0+&#2 ()/2B)8%># #5

)6# 0+&% )+$+7 #5 8%.+7 # 32P*(# $% 2(8># $# M&/(*# ()8/+)/% )+ 0($+ $% 5*+ #346#

< O%2#!

E 9#2*5&+46# *+/%*F/(>+ 8%2FQ

c = maximo(0, S −K) #5 p = maximo(0, K − S)

#)$%Q

*+N R # *+(#2 $%)/2% #8 0+&#2%8 $# >#).5)/#S

> R 0+&#2 $+ #346# $% >#*32+ T>+&&US

@ R 0+&#2 $# #-.%/# )# M&/(*# ()8/+)/% 3+2+ # %N%2>B>(# $+ #346#S

V R 32%4# $% %N%2>B>(# $+ #346#S

3 R 0+&#2 $+ #346# $% 0%)$+ T35/US

W%*:8% A5% 9+O%2 +&X5*+8 >#)8($%2+4D%8Q

YU # *#$%&# 32%8853D% A5% # *%2>+$# )6# /%* /%)$P)>(+S

JU (X)#2+2+*:8% #8 >58/#8 $% /2+)8+46#S

 U $%8>#)8($%2+:8% + ()Z+46#S

[U >#)8($%2+:8% A5% # *%2>+$# < %1>(%)/%S

,#)9#2*% GYKI # *#$%&# -()#*(+& 9#2)%>% 5*+ 3%2>%346# ()/5(/(0+ $+8 $%/%2*()+)/%8

$# 0+&#2 $% 5*+ #346#7 *+8 2%A5%2 X2+)$% A5+)/($+$% $% $+$#8 $% %)/2+$+7 %*

/%2*#8 $% 32%4#8 95/52#8 %83%2+$#8 %* >+$+ )\! L '&+>]^@>=#&%8 )6# < 5* *#$%&#

$(9%2%)/% 3+2+ + *#$%&+X%* $% #34D%8! _ 5* >+8# &(*(/+$#2 $# -()#*(+&7 *+8 2%$5O

85-8/+)>(+&*%)/% +8 )%>%88($+$%8 $% ()9#2*+4D%8!
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60,7$ %& &80-,9&. %()&*&+3(-(. 2-*3(-(.:

;-*- 01- $2,7$ %& 3$12*- -1&*(3-+-< -6401-. 3$+%(,9&. %& 3$+#$*+$ &.#7$ *&6-3($5

+-%-. 3$1 - 2$..(=(6(%-%& %$ &>&*3?3($ -+#&3(2-%$:  1"#$%$ %& %()&*&+,-. @+(#-. 2-*-

- .$60,7$ +01"*(3- %- &80-,7$ %()&*&+3(-6 2-*3(-6 +7$ 6(+&-* A:B & .0- -..$3(-,7$ 3$1 -.

3$+%(,9&. %& 3$+#$*+$ & (+(3(-6< +$ 3-.$ %& 01- $2,7$ %& 3$12*- -1&*(3-+-< )$( (+#*$%05

C(%$ 2$* DEEF & DBF: G 3$+H&*4I+3(- %$ 1"#$%$ %& J*&++-+ -+% K3LM-*#C " 2*$H-%$ &1

DNAF & DEBF: !"#$%$. +01"*(3$. *&6-3($+-%$. O *&.$60,7$ (+360&1 DPF & DNEF:

;-*- *&.$60,7$ %&.#- &80-,7$ %()&*&+3(-6 2-*3(-6< 0#(6(C-+%$5.& 01 1"#$%$ +01"*(3$

Q+$ +$..$ 3-.$ .&*R &.3$6L(%$ $ 1"#$%$ %& %()&*&+,-. @+(#-.S< 2$%&5.& $2#-* 2&6-. -=$*%-5

4&+. T06&* T>26?3(#$< T06&* U126?3(#$< V*-+W5X(3$6.$+< J*&++-+YK3LM-*#C & V$0*#-%$+:

 1"#$%$ %-. '()&*&+,-. /(+(#-. 3$+.(.#& &1 -H-6(-* 01- $2,7$ -#*-H". %- .$60,7$

%- &80-,7$ %()&*&+3(-6 80& - $2,7$ .-#(.)-C< 3$+H&*#&+%$5- +01 .(.#&1- %& &80-,9&. 80&

2$%& .&* *&.$6H(%$ (#&*-#(H-1&+#&: T.#- -=$*%-4&1< - #?#06$ %& (60.#*-,7$< .&*R -26(3-%-

2-*- .& -H-6(-* 01- $2,7$ %& 3$12*- -1&*(3-+- Q3-66 -1&*(3-+-S:

;*$3&..$ %& %(.3*&#(C-,7$ %& K & #
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N
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9 ")$%) (i, j)  !" !#!$%& ) " !') .) &%1/) ):P!%) j∆S $) 1$#%&$%! i∆t8

V L6$'() f j
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N + fif
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j
N + fif

j+1
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<4. .#"('4&' &'(%0 =!'  #" !"#$>

gi = aif
j−1
N+1 + bif
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N+1 + cif
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N+1 → ?*&%+% 3,)"- .&%
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
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




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
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 !" #$%&'()!* +,-!. /!&.'#$"," Z = lnS* 0!1! f(Z, t) = c(S, t)

2!-! S = ez

∂c
∂S

= e−z ∂f

∂Z

∂c
∂t

= ∂f

∂t

∂2c
∂S2 = e−2z( ∂

2f

∂Z2 − ∂f

∂Z
)

345.6'64'&#! !. +,0!"$. ,/'-, &, 784,()! #'9$"$&/',0 :,"/',0 ;<=* !56$-!.>

∂f

∂t
+ (r − σ2

2
) ∂f
∂Z

+ σ2

2
∂2f

∂Z2 − rf = 0

3,5$&#!?.$ 84$>

∂f

∂Z
=

f
j+1

i −fj−1

i

2∆Z

∂f

∂t
=

f
j
i+1
−fj

i

∆t

∂2f

∂Z2 ==
f
j+1

i +f
j−1

i −2fj
i

∆Z2

 !#$-!. $./"$+$" , $84,()! ,/'-, #, .$14'&6$ 9!"-,>

(
f
j
i+1
−fj

i

∆t
) + (r − σ2

2
)(

f
j+1

i −fj−1

i

2∆Z
) + σ2

2
(
f
j+1

i +f
j−1

i −2fj
i

∆Z2 )− rf j
i = 0

@$$./"$+$&#! , $84,()! 6$-!.>

f j
i+1 = [(−1

2
σ2

∆Z2 + 1
2
(r − σ2

2
) 1
∆Z

)∆t]f j−1
i + [(1 + σ2

∆Z2 + r)∆t]f j
i + [(−1

2
σ2

∆Z2 − 1
2
(r −

σ2

2
) 1
∆Z

)∆t]f j+1
i

A&#$

a = [(−1
2

σ2

∆Z2 +
1
2
(r − σ2

2
) 1
∆Z

)∆t]

b = [(1 + σ2

∆Z2 + r)∆t]

c = [(−1
2

σ2

∆Z2 − 1
2
(r − σ2

2
) 1
∆Z

)∆t]

A5.$"+$ 84$ !. /!$%/'$&6$. ,* 5 $ / .)! '&#$:$&#$&6$. #! +,0!" #$ ' $ B $ .$4 .!-,6C"'!

D '14,0 , E (a + b + c = 1)< F0D- #'..!* ! +,0!" #$ ∆Z #$+$ .$" -$&!" !4 '14,0 ,

σ2

r− 1

2
σ2

:,", 84$ !. /!$%/'$&6$. .$B,- &)! &$1,6'+!. G+'#$ H=IJ<

K$.6$ -!#!>

∆t = T
N
$ ∆Z =
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r− 1
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f j
i+1 →















ai → f j−1
i

bi → f j
i

ci → f j+1
i

 !"# $ %&#'()*+' ,' #-#.&/$ ,' /&#/' /',' 0-#.' 1' /2.',' 3)(&% -/!(45-.'6 &17

5'1.%$%&/'# '# 0$('%&# f(Z, t) ,' -1#.$1.& 8 $.2 ' -1#.$1.& 9: ;$%$ &15'1.%$% ' 0$('% ,$

'!*+' ,& 5'/!%$ 1' -1#.$1.& -1-5-$(6 ,&0&/'# <$=&% )/$ -1.&%!'($*+' (-1&$% 5'/ '# 0$('%&#
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 !"#$%&!#' (' )'(*+' , - ./!'.#01' 2/* U(S, t) = e−rtw(S, t)3 '/ .*4-3 w(S, t) =

e+rtU(S, t)

5*6*)'. !-"7#" (- 82/-01' 5#9*"*$%#-+ :-"%#-+ ;<=3 '$(* f = w(S, t) = e+rtU(S, t)

>'?'3 !'(*)'. *.%"*6*"@

∂f

∂S
= ert ∂U

∂S

∂f

∂t
= rertU(S, t) + ert ∂U

∂t

∂2f

∂S2 = ert ∂
2U

∂S2 A/B.7#7/#$(' '. 6-+'"*. -%#)- $- *2/-01' (#9*"*$%#-+ !-"%#-+ ;<=3 7*)'.@

rertU(S, t) + ert ∂U
∂t

+ ert ∂U
∂S

+ σ2S2

2
ert ∂

2U
∂S2 = rertU(S, t)

A#)!+#C%-$('3 'B7*)'. - *2/-01'@

∂U
∂t

+ rS ∂U
∂S

+ σ2S2

2
∂2U
∂S2 = 0

A-B*)'. 2/*@

>'?'3

∂2U
∂S2
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∣

∣
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2
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2
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i+1
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i+1
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∂t

∣

∣

∣

∣

∣

i+ 1

2

j

= 1
2
(
U

j
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U
j
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U
j
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∆t

∂U
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∣
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2

j

= 1
2
(
U

j+1
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U
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∂U
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+ rS ∂U
∂S

+ σ2S2

2
∂2U
∂S2 = 03 .#)!+#C%-$(' * .* -""/)-$(' '. 7*")'.
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(− ri
4
+1

4
σ2i2∆t)U j−1

i+1 +(1−1
2
σ2i2∆t)U j

i+1+(+ ri
4
+1

4
σ2i2∆t)U j+1

i+1 = //(+ ri
4
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i + (− ri
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4
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D-E*$(' - ./B.7#7/#01' -%#)- !*+-. 6-"#F6*#. ai3 bi3 ci3 di3 ei * fi 7*)'.@

aiU
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i+1 + biU

j
i+1 + ciU

j+1
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j
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4
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4
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2
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ci = (+ ri
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di = (+ ri
4
− 1

4
σ2i2∆t)

ei = (1 + 1
2
σ2i2∆t)

fi = (− ri
4
− 1

4
σ2i2∆t)

 ! "#$%&#%' (#&)* %'+',!$ & '-.+'$$/!0

aiU
j−1
N+1 + biU

j
N+1 + ciU

j+1
N+1 = diU

j−1
N + eiU

j
N + fiU

j+1
N

1!,! !$ 2&)!+'$ #! "#$%&#%'  3 4 $/! 5!#6'5"7!$ 85!#7"9/! "#"5"&):* 7'2',!$ 5&)5;)&+

! %'+,! < 7"+'"%& .')! ,=%!7! '-.)>5"%! '* ', $'?;"7&* 5&)5;)&+ ! %'+,!$ < '$@;'+7& .')!

,=%!7! ",.)>5"%!A B$%' .+!5'7",'#%! 7'2' $'+ +'.'%"7! &%= ! "#$%&#%' "#"5"&)A

CDE0 C ,=%!7! 7' 1!;+%&7!# 5!#$"7'+& ! 2&)!+ 7& !.9/! 7' 5!,.+& ,;)%".)"5&7! .!+

ert A F'$%& G!+,&* &! '#5!#%+&+,!$ ! 2&)!+ 7& !.9/! 7' 5!,.+& .')! ,=%!7! 7' 1!;+%&7!#
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! 2&)!+ 7& !.9/!A 82"7' K4L:
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P#"5"&),'#%' %',!$ @;' 5&)5;)&+0
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
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 ! !"#$%&'"! ()%'*)%+! !"),+ $'%-%./0+! 1/)/ (+21/)/3,+ 0+! 2*'+0+! &$2*)%(+! " /4/5

-%/3,+ " "!(+-6/ 0+ /-#+)%'2+ / !") $'%-%./0+7

• /($)8(%/ (+2 1)"3+! 0+ 2+0"-+ 9-/(:;<(6+-"!=

• 4"-+(%0/0" (+21$'/(%+&/-=

• "!'%2/'%4/! 0+! "))+!= "

• 0%!1+&%>%-%0/0" 0/! 0")%4/0/! 0+! 1)"3+!=
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 ,-*1)7 )809 5+#" 0+*"1 ' 6-#6$#-'" -8*+1)"1,+8*+:;,5#<6)*-

d(1) = d(1) + a(1) ∗K;

=.>?@A2B C )809D'E

 F+(*+ - 6-'- )8(*-8*+ '+ *+,5" 6", - 6"8')%&" G*),-

="1 ) C H ? @IH

)= =.)A2B J ..):HBDK!:LB

=.)A2B C ..):HBDK!:LBE

+8'E

+8'E

+8'E

 / 1+($#*-'" (+1M " 0-#"1 "4*)'" 8" 5"8*" ,3')" '" 0+*"1 = 8" )8(*-8*+

 )8)6)-# .2CHB

')(5.=..!NK!BIHAHBB



 !"#$%&' ( )*

 !"#$# $% &'(%)%*+,- .'*'",- /,), 0/+1# $% 2#3/),

 !"#$# 2),*456'7#8-#* 5 &%7#3/#-'+1# 9: *,  ,")'; <)'$',=#*,8

(>*7"'#* 2),*45($3525<)'59:?@A@3,BACA)AD#8A<A6E

F G*'7',8';,+1# $#- /,)H3%")#-

F@ I J,8#) $# K"'D# 0LM%"#N @3,B I J,8#) 3OB'3# $# K"'D# 0LM%"#

FC I P)%+# $% %B%)7Q7'#N ) I <,B, $% R>)#-

FD#8 I D#8,"'8'$,$%N < I J%*7'3%*"#

F G*'7',8';,+1# $, S),$%

M = N N

F 6 I TUUN F G*"%)D,8# $# < ?$'-7)%"';,+1# $# <E

F  I TUUN F G*"%)D,8# $# @ ?$'-7)%"';,+1# $# @E

&" I <V6N F&"

DS = Smax/M ; F&@

(I-/,)-%?;%)#-?6WTA WTEEN

KI-/,)-%?;%)#-?65TA 5TEEN

XI-/,)-%?;%)#-?65TA 5TEEN

$I-/,)-%?;%)#-?65TA 5TEEN

F 2#*$'+Y%- $% 2#*"#)*#

F J,8#) $# K"'D# 0LM%"# *# J%*7'3%*"# ?()#*"%'), $')%'",E

(#) ' I T Z  WT

f(i, N + 1) = max((i− 1) ∗DS −K, 0);

%*$N

F J,8#) $# K"'D# 0LM%"# I U ?()#*"%'), ->/%)'#)E

(#) M I T Z 6WT

f(1, j) = K;

%*$N



 !"#$%&' ( )*

 !"#$% &$ '()*$ +,-.($ / 012)0$ 34%$5(.)%" )54.%)$%6

4$% - 7 8 9 :;8

43<;8=-6 7 >?

.5&?

 @1AB#$ &$C *"#$%.C &. "-= ,- . A- D E"%F0.(%$C &$ 0$&.#$

4$% ) 7 89<

a(i) = −0.25 ∗ r ∗ (i) ∗Dt+ 0.25 ∗ vol2 ∗ (i)2 ∗Dt;

b(i) = 1− 0.5 ∗ vol2 ∗ (i)2 ∗Dt;

c(i) = +0.25 ∗ r ∗ (i) ∗Dt+ 0.25 ∗ vol2 ∗ (i)2 ∗Dt;

e(i) = 1 + 0.5 ∗ vol2 ∗ (i)2 ∗Dt+ r ∗Dt;

.5&?

 +,(.5GH$ &" 0"(%)I (%)&)"J$5"#= E.#" .#)0)5"GH$ &"C A$#B5"C 8 . <;8 &"C

 0"(%)I.C ' . K .= A$5C.LB.5(.= CB,(%"GH$ &$ (.%0$ "386MN &" C.JB5&" #)5O" &"

 0"(%)I 4 . D"386MN &" E%)0.)%" #)5O" &$ *.($% & .0 ($&$C $C )5C("5(.CP

K38=867,386?

K38=Q67A386?

4$% - 7 Q 9 <DQ

K3-=-D86 7 "3-6?

K3-=-6 7 ,3-6?

K3-=-;86 7 A3-6?

.5&?

K3<D8=<D86 7 ,3<D86?

K3<D8=<DQ6 7 "3<D86?

'38=867.386?

'38=Q67DA386?

4$% - 7 Q 9 <DQ



 !"#$%&' ( )(

 !"#"$%& ' $(!"&)

 !"#"& ' *!"&)

 !"#"+%& ' $,!"&)

*-.)

 !/$%#/$%& ' *!/$%&)

 !/$%#/$0& ' $(!/$%&)

1 234*-567 .(8 /(49:;*8 < * =

><#=?'@A! &)

B79 " ' CD$%D%

1 8A349(567 .7 4*9E7 (!%&FG .( 8*HA-.( @:-I( .( E(49:; B *E 47.78 78 :-84(-4*8J

f(2, j + 1) = f(2, j + 1)− a(1) ∗K;

1 K7@A567 *LM@N,:4( $ EA@4:M@:,(567 .7 O(@79 .* B!D#"+%& M*@( E(49:; P

d = B ∗ f(2 : M, j + 1);

1 Q(887 % -( 734*-567 .7 O*479 R

d(1) = d(1) + a(1) ∗K;

Q(1) = d(1);

B79 : ' 0 D /$%

Q(i) = d(i)− L(i, i− 1) ∗Q(i− 1);

*-.)

1 Q(887 % -( 734*-567 .7 O*479 B -7 :-84(-4* (4A(@ !:&

f(M, j) = Q(M − 1)/U(M − 1,M − 1);

B79 :'!/$%&D$%D0

f(i, j) = (Q(i− 1)− U(i− 1, i) ∗ f(i+ 1, j))/U(i− 1, i− 1);

*-.)

B79 : ' %D/+%

:B B!:#"& S !!:$%&FTK$G&



 !"#$%&' ( )*

f(i, j) = ((i− 1) ∗DS −K);

 !"#

 !"#

 !"#

$% & '()*+", ' &- , .+),& ,/*0", !, 1,!*, 23"0, ", . *,& 4 !, 0!'*+!* 

$0!050+) 6789:

disp(f((S/DS) + 1, 1))



 !"#$%&' ( )*

 !"#$# $% &'(%)%*+,- .'*'",- /,), 0/+1# $% 2#3/),

 !"#$# 4)%**,*56789,)": 5 2#3/;%",) ,- ;'*8,- < %  =<

(>*7"'#* 4)6785($3525?3%@6A63,BACA)AD#;AEAFG

H I*'7',;':,+1# $#- /,)J3%")#-

H6 K L,;#) $# ?"'D# 0MN%"#O 63,B K L,;#) 3PB'3# $# ?"'D# 0MN%"#

HC K Q)%+# $% %B%)7R7'#O ) K E,B, $% S>)#-

HD#; K D#;,"';'$,$%O E K L%*7'3%*"#

H I*'7',;':,+1# $, T),$%

H F K <UUO H I*"%)D,;# $# E @$'-7)%"':,+1# $# EG

H  K <UUO H I*"%)D,;# $# 6 @$'-7)%"':,+1# $# 6G

M = N ;

Dt = T/N ; H&"

DS = (vol2/(r− 1/2 ∗ vol2))/M ; H&6 5 &'-7)%"':,+1# *# 3!"#$# 4)%**,*V6789,)":

Zmax = round(log(Smax));

Zmin = Zmax−DS ∗M ;

f = sparse(zeros(N + 1,M + 1));

A = sparse(zeros(N,M));

H 2#*$'+W%- $% 2#*"#)*#

H L,;#) $# ?"'D# 0MN%"# *# L%*7'3%*"# @()#*"%'), $')%'",GO

(#) ' K <X =<

sBS(i) = exp(Zmin+ (i− 1) ∗DS);

f(i, N + 1) = max(sBS(i)−K, 0); H YB%)7R7'#

%*$O

H L,;#) $# ?"'D# 0MN%"# K U @()#*"%'), ->/%)'#)G

(#) N K < X F=<

f(1, j) = K;



 !"#$%&' ( )*

 !"#

$ %&'() "( *+,-( ./0 +( 1 234,2( 56)(!+ ,)& ,!6 ),()7

6() 0 8 9 : ;<9

f(M + 1, j) = 0;

 !"#

$ =3>?'( "(@ -&'() @ " &A /  > B C&)D2 +)(@ "( 2(" '(

$ ;( 2(" '( " E) !!&!FG>HI&)+J  ' @ @K( ,!" C !" !+ @ " 0

a = (−0.5 ∗ (vol/DS)2 + 0.5 ∗ (r − 0.5 ∗ vol2)/DS) ∗Dt;

b = 1 + (vol/DS)2 ∗Dt+ r ∗Dt;

c = (−0.5 ∗ (vol/DS)2 − 0.5 ∗ (r − 0.5 ∗ vol2)/DS) ∗Dt;

$ L @('?MK( "&  N?&MK( &O=,A0B9</O=,A0<>O=,A0<98=,<9A0

$ =(!@+)?MK( "& P&+),J >(2 (@ -&'() @ " &0A /0  >0 >&'>?'&"(@

$ &!+ ),()2 !+ 

6() 0 8 Q : P

A(j, j − 1) = a;

A(j, j) = b;

A(j, j + 1) = c;

 !"#

$ R!>'?@K( "(@ -&'() @ " 9 !& C),2 ,)&  S'+,2& C(@,MK( "& P&+),J C&)&

$ +()!3B'& N?&")&"&  C&@@T- ' " ,!- )@K(U V@+ C)(> ",2 !+( !K( &'+ )& (

$ ) @?'+&"(A + !"(  2 -,@+& (@ -&'() @ @?C ),()  ,!6 ),() " 6 @ ) 2

$ >(!H >,"(@ 5>(!+()!(7  & 2&+),J ,!- )@& " * 5,!-*7A C(@@?,) & C),2 ,)& ',!H&  

$ & S'+,2& ',!H& ,W?&' & 2&+),J *

A(1, 1) = 1;

A(M + 1,M + 1) = 1;

$ R!- )@K( "& P&+),J



 !"#$%&' ( )*

invA = inv(A);

 !"#$%&" '" ()(*+,- ./ 0-#"1 '+(+2-'" 3 "4*)'" 5+#- ,$#*)5#)6-%&" '-

 ,-*1)7 )809 5+#- ,-*1)7 : 8" )8(*-8*+ 5"(*+1)"1

:"1 2 ; <=>?=?

f(:, j) = invA ∗ f(:, j + 1);

 @+(*+ - 6-'- )8(*-8*+ '+ *+,5" 6", - 6"8')%&" A*),->/5%&" 9,+1)6-8-

:"1 ) ; ? = BC?

): :.)D2E F (sBS(i)−K)

f(i, j) = (sBS(i)−K);

+8'G

+8'G

+8'G

 H8*+15"#-%&" '" 51+%" '- "5%&" '+ 6",51- '" !

I = find(sBS > S);

 / 1+($#*-'" (+1I " 0-#"1 "4*)'" 8" 5"8*" ,3')" '" 0+*"1 : 8" )8(*-8*+

 )8)6)-# .2;?E

f0 = interp1([sBS(I(1)− 1)sBS(I(1))], [f(I(1)− 1, 1)f(I(1), 1)], S,′ linear′);

disp(f0)



 !"#$%&' ( )*

 !"#$# $% &'(%)%*+,- .'*'",- /,), 0/+1# $% 2#3/),

 !"#$# 4)%**,*56789,)": 5 ;<'3'*,) ,- 7#<=*,- > %  ?> $, 3,")': @

(=*7"'#* 4)6785($3525A*BC6D63,EDFD)DB#<DGDHI

J A*'7',<':,+1# $#- /,)K3%")#-

J6 L M,<#) $# @"'B# 0NO%"#P 63,E L M,<#) 3QE'3# $# @"'B# 0NO%"#

JF L R)%+# $% %E%)7S7'#P ) L G,E, $% T=)#-

JB#< L B#<,"'<'$,$%P G L M%*7'3%*"#

J A*'7',<':,+1# $, U),$%

J H L >VVP J A*"%)B,<# $# G C$'-7)%"':,+1# $# GI

J  L >VVP J A*"%)B,<# $# 6 C$'-7)%"':,+1# $# 6I

M = N ;

&" L GWHP J&"

DS = (vol2/(r− 1/2 ∗ vol2))/M ; J&6 5 &'-7)%"':,+1# *# 3!"#$# 4)%**,*X6789,)":

Zmax = round(log(Smax));

Zmin = Zmax−DS ∗M ;

(L-/,)-%C:%)#-CH?>D ?>IIP

@L-/,)-%C:%)#-CH5>D 5>IIP

J 2#*$'+Y%- $% 2#*"#)*#

J M,<#) $# @"'B# 0NO%"# *# M%*7'3%*"# C()#*"%'), $')%'",IP

(#) ' L >Z ?>

sBS(i) = exp(Zmin+ (i− 1) ∗DS);

f(i, N + 1) = max(sBS(i)−K, 0); J ;E%)7S7'#

%*$P

J M,<#) $# @"'B# 0NO%"# L V C()#*"%'), -=/%)'#)I

(#) O L > Z H?>

(C>DOI L FP



 !"#$%&' ( )*

 !"#

$ %&'() "( *+,-( ./0 +( 1 234,2( 56)(!+ ,)& ,!6 ),()7

6() 0 8 9 : ;<9

65=<9>07 8 ?#

 !"#

$ @3AB'( "(C -&'() C " &> /  A D E&)F2+)(C "( 2(" '(

$ ;( 2(" '( " G) !!&!HIAJK&)+L  ' C CM( ,!" E !" !+ C " 0

a = (−0.5 ∗ (vol/DS)2 + 0.5 ∗ (r − 0.5 ∗ vol2)/DS) ∗Dt;

b = 1 + (vol/DS)2 ∗Dt+ r ∗Dt;

c = (−0.5 ∗ (vol/DS)2 − 0.5 ∗ (r − 0.5 ∗ vol2)/DS) ∗Dt;

$ ./+ !NM( "& 2&+),L +),",&O(!&'> E '&  ',2,!&NM( "&C A('B!&C 9  =<9 "&

$ 2&+),L *  > A(!C PB !+ > CB/+)&NM( "( + )2( &597QR "& C OB!"& ',!J& "&

$ 2&+),L 6  2 +("(C (C ,!C+&!+ CS

*59>978/#

*59>T78A#

6() 0 8 T : =DT

*50>0D97 8 &#

*50>07 8 /#

*50>0<97 8 A#

 !"#

A(M − 1,M − 1) = b;

A(M − 1,M − 2) = a;

$ U!- )CM( "& =&+),L

invA = inv(A);

$ I('BNM( "( C,C+ 2& 5. -&'() " C 0&"( 1 (/+,"( E '& 2B'+,E',A&NM( "&

$ 2&+),L ,!-* E '& 2&+),L 6 !( ,!C+&!+ E(C+ ),()7



 !"#$%&' ( ))

 !" # $ %&'(&(

) *+,-"./0! 1! -2"3! .4(567 1. *28+91. :;9<. 1. 3.-";=  23 -!1!* !* ;9*-.9-2*>

f(2, j + 1) = f(2, j + 1)− a ∗K;

f(2 : M, j) = invA ∗ f(2 : M, j + 1);

) ?2*-2 . @.1. ;9*-.9-2 12 -23A! @!3 . @!91;/0! B-;3.'CA/0! D32";@.9.

 !" ; $ ( & EF(

;  4;G#5 H 4*IJ4;5'75

f(i, j) = (sBS(i)−K);

291K

291K

291K

) L9-2"A!:./0! 1! A"2/! 1. !A/0! 12 @!3A". 1! J

I = find(sBS > S);

)C "2*+:-.1! *2"M ! N.:!" !,-;1! 9! A!9-! 3O1;! 1! N2-!"  9! ;9*-.9-2

);9;@;.: 4#$(5

f0 = interp1([sBS(I(1)− 1)sBS(I(1))], [f(I(1)− 1, 1)f(I(1), 1)], S,′ linear′);

disp(f0)



 !"#$%&' ( )*

 !"#$# $% &'(%)%*+,- .'*'",- /,), 0/+1# $% 2#3/),

 !"#$# 4)%**,*56789,)": 5 &%7#3/#-'+1# ;< *,  ,")': =)'$',>#*,?

(@*7"'#* 4)6785($3525=)'5;<A6B63,CBDB)BE#?B=BFG

H I*'7',?':,+1# $#- /,)J3%")#-

H6 K L,?#) $# M"'E# 0NO%"#P 63,C K L,?#) 3QC'3# $# M"'E# 0NO%"#

HD K R)%+# $% %C%)7S7'#P ) K =,C, $% T@)#-

HE#? K E#?,"'?'$,$%P = K L%*7'3%*"#

H I*'7',?':,+1# $, U),$%

H F K VWWP H I*"%)E,?# $# = A$'-7)%"':,+1# $# =G

H  K VWWP H I*"%)E,?# $# 6 A$'-7)%"':,+1# $# 6G

M = N ;

&" K =XFP H&"

DS = (vol2/(r− 1/2 ∗ vol2))/M ; H&6 5 &'-7)%"':,+1# *# 3!"#$# 4)%**,*Y6789,)":

Zmax = round(log(Smax));

Zmin = Zmax−DS ∗M ;

(K-/,)-%A:%)#-AFZVB ZVGGP

MK-/,)-%A:%)#-AF5VB 5VGGP

H 2#*$'+[%- $% 2#*"#)*#

H L,?#) $# M"'E# 0NO%"# *# L%*7'3%*"# A()#*"%'), $')%'",GP

(#) ' K V\ ZV

sBS(i) = exp(Zmin+ (i− 1) ∗DS);

f(i, N + 1) = max(sBS(i)−K, 0); H ]C%)7S7'#

%*$P

H L,?#) $# M"'E# 0NO%"# K W A()#*"%'), -@/%)'#)G

(#) O K V \ FZV

(AVBOG K DP



 !"#$%&' ( )*

 !"#

$ %&'() "( *+,-( ./0 +( 1 234,2( 56)(!+ ,)& ,!6 ),()7

6() 0 8 9 : ;<9

65=<9>07 8 ?#

 !"#

$ @3AB'( "(C -&'() C " &> /  A D E&)F2+)(C "( 2(" '(

$ ;( 2(" '( " G) !!&!HIAJK&)+L  ' C CM( ,!" E !" !+ C " 0

a = (−0.5 ∗ (vol/DS)2 + 0.5 ∗ (r − 0.5 ∗ vol2)/DS) ∗Dt;

b = 1 + (vol/DS)2 ∗Dt+ r ∗Dt;

c = (−0.5 ∗ (vol/DS)2 − 0.5 ∗ (r − 0.5 ∗ vol2)/DS) ∗Dt;

$ ./+ !NM( "& 2&+),L +),",&O(!&'> E '&  ',2,!&NM( "&C A('B!&C 9  =<9 "&

$ 2&+),L *  > A(!C PB !+ > CB/+)&NM( "( + )2( a(1) ∗K "& C OB!"& ',!J& "&

$ 2&+),L 6  2 +("(C (C ,!C+&!+ CQ

*59>978/#

*59>R78A#

6() 0 8 R : =DR

*50>0D97 8 &#

*50>07 8 /#

*50>0<97 8 A#

 !"#

*5=D9>=D97 8 /#

*5=D9>=DR7 8 &#

$ ./+ !NM( "&C =&+),L C S  T

US>TV8'B5*7#

6() 0 8 ;:D9:9

$ CB/+)&NM( "( + )2( &597WX "& C OB!"& ',!J& "& 2&+),L 6  2 +("(C (C ,!C+&!+ CQ



 !"#$%&' ( )(

f(2, j + 1) = f(2, j + 1)− a(1) ∗K;

 !"##$ % &" $'()&*+$ ,$ -)($. /

/0%12304567%18

3$. 9 2 4 : ;<%

Q(i) = f(i+ 1, j + 1)− L(i, i− 1) ∗Q(i− 1);

)&,8

 !"##$ % &" $'()&*+$ ,$ -)($. 3 &$ 9&#("&() "(="> 091

f(M, j) = Q(M − 1)/U(M − 1,M − 1);

3$. 920;<%1:<%:4

f(i, j) = (Q(i− 1)− U(i− 1, i) ∗ f(i+ 1, j))/U(i− 1, i− 1);

)&,8

3$. 9 2 %:;7%

93 309561 ? 009<%1@AB<C1

f(i, j) = ((i− 1) ∗DS −K);

)&,8

)&,8

)&,8

 D&().E$>"*+$ ,$ E.)*$ ," $E*+$ ,) F$GE." ,$ B

D 2 H&,0#IB J B18

 K .)#=>(",$ #).L $ -">$. $'(9,$ &$ E$&($ GM,9$ ,$ -)($. 3 &$ 9&#("&()

 9&9F9"> 062%1

f0 = interp1([sBS(I(1)− 1)sBS(I(1))], [f(I(1)− 1, 1)f(I(1), 1)], S,′ linear′);

,9#E03N1



 !"#$%&' ( )*

 !"#$# $% &'(%)%*+,- .'*'",- /,), 0/+1# $% 2#3/),

 !"#$# 2#4)",$#* 5 6*7%)-1# $,  ,")'8

(4*9"'#* 2#4)5($3525:3%;<=<3,>=?=)=7#@=A=BC

D A),*-(#)3,+1# $, E&F $% G@,9HI<9J#@%- 9#*-'$%),*$# # '*-",*"% K*,@

D A),*-(#)3,+1# $% c = exp(+r ∗ T ) ∗ f #*$% 9 ! # 7,@#) $, #/+1#

D 6*'9',@'8,+1# $#- /,)L3%")#-

D< M N,@#) $# :"'7# 0OP%"#Q <3,> M N,@#) 3R>'3# $# :"'7# 0OP%"#

D? M E)%+# $% %>%)9S9'#Q ) M A,>, $% T4)#-

D7#@ M 7#@,"'@'$,$%Q A M N%*9'3%*"#

D 6*'9',@'8,+1# $, U),$%

DB M VWWQ D 6*"%)7,@# $# A ;$'-9)%"'8,+1# $# AC

D M VWWQ D 6*"%)7,@# $# < ;$'-9)%"'8,+1# $# <C

M = N ;

Dt = T/N ; D&"

DS = Smax/M ; D&<

(M-/,)-%;8%)#-;BXV= XVCCQ

:M-/,)-%;8%)#-;BXV= XVCCQ

GM-/,)-%;8%)#-;BXV= XVCCQ

$M-/,)-%;8%)#-;BXV= XVCCQ

D 2#*$'+Y%- $% 2#*"#)*#

D N,@#) $# :"'7# 0OP%"# *# N%*9'3%*"# ;()#*"%'), $')%'",C

(#) ' M VZ XV

stockprice(i) = (i− 1) ∗DS;

f(i, N + 1) = max(stockprice(i)−K, 0); D F>%)9S9'#

%*$Q

D N,@#) $# :"'7# 0OP%"# M W ;()#*"%'), -4/%)'#)C



 !"#$%&' ( )*

 !" # $ %&'()

f(1, j) = K;

*+,-

. /01!" ,! 2345! 67#*3! 8 9:;49! < "!+3*4"0 4+ *"4!"=

 !" # $ % & '()

f(M + 1, j) = 0;

*+,-

. >*?!1@AB! ,0 *C@0AB! aj ∗ Ci, j − 1 + bj ∗ Ci, j + cj ∗ Ci, j + 1 = Ci+ 1, j

. D!+?3"@AB! ,0 E03"4F G!9 !? 501!"*? ,* 0#H 7# * G# * I0#H *# * IG#

. G01G@10,!? 0+3*"4!"9*+3*

 !" 4 $ )&E

a(i) = 0.25 ∗ r ∗ (i) ∗Dt− 0.25 ∗ vol2 ∗ (i)2 ∗Dt;

b(i) = +1 + 0.5 ∗ vol2 ∗ (i)2 ∗Dt;

c(i) = −0.25 ∗ r ∗ (i) ∗Dt− 0.25 ∗ vol2 ∗ (i)2 ∗Dt;

e(i) = +1− 0.5 ∗ vol2 ∗Dt ∗ i2;

*+,-

. J!1@AB! ,! ?4?3*90 <6 501!" ,*?*#0,! 8 !734,! K*10 9@134K14G0AB! ,0

. 903"4F 4+52 K*10 903"4F  +! 4+?30+3* K!?3*"4!"=

 !" # $ %&E

B(j, j − 1) = −a(j − 1);

B(j, j) = e(j − 1);

B(j, j + 1) = −c(j − 1);

*+,-

 !" # $ %&E

A(j, j − 1) = a(j − 1);

A(j, j) = b(j − 1);



 !"#$%&' ( )*

A(j, j + 1) = c(j − 1);

 !"#

$ %!&'()*+ "+) ,-'+. ) " / !- 0.12 1.-  3'412- 0+)15*+ "-) 6-4.17 ) 0-.-

$ 4+.!89'-) :(-".-"-)  0-));, 1) " 1!, .)*+< =)4 0.+& "12 !4+ !*+ -'4 .-

$ + . )('4-"+> 4 !"+  2 ,1)4- +) ,-'+. ) )(0 .1+.  1!? .1+. " ? ) . 2

$ &+!@ &1"+) A&+!4+.!+B  - 2-4.17 1!, .)- " C A1!,CB> 0+))(1. - 0.12 1.- '1!@-  

$ - 3'412- '1!@- 1D(-' - 2-4.17 C

B(1, 1) = 1;

B(M + 1,M + 1) = 1;

A(1, 1) = 1;

A(M + 1,M + 1) = 1;

$ %!, .)*+ "- 6-4.17

invA = inv(A);

$ E+'(5*+ "+ )1)4 2- AF-'&('-9) + , 4+. " 0 '+ 2G4+"+  H0';&14+  + ,-'+.

$ " ) I-"+ G +J41"+ 0 '- 2('410'1&-5*+ "- 2-4.17 1!,C 0 '+ , 4+. " &-'&('-9

$ "+ 0 '+ 2G4+"+  H0';&14+ -!4 .1+.2 !4 

?+. I K LM 9/M /

d = B ∗ f(:, j + 1);

f(:, j) = invA ∗ d; $ F8'&('+ "+) N-'+. )

$ O )4 - &-"- 1!)4-!4 " 4 20+ &+2 - &+!"15*+ P412-

?+. 1 K / M 6Q/

1? ?A1>IB R ?A1>IQ/B

f(i, j) = f(i, j + 1);

 !"#

 !"#

 !"#



 !"#$%&' ( )*

c = f ;

 !"# $%&"'(# %)*+% (#,- (+./,*0" " ,('+"# exp(+r ∗ T )1 0(#,( +"0"1 2%'% #(

 (3)"3,'%' " $%&"' 0% "245" 0( )"+2'%1 0($(+"# 0*$*0*' " $%&"' 0( 6

 (3)"3,'%0" 2(&" +(#+" ,('+" exp(r ∗ T )

c(:, 1) = exp(−r ∗ (T )) ∗ f(:, 1);

 7 '(#/&,%0" #('- " $%&"' ".,*0" 3" 2"3," +80*" 0" $(,"' ) 3" *3#,%3,(

 *3*)*%& (j = 1)

disp(c((S/DS) + 1, 1))



 !"#$%&' ( )*

 !"#$# $% &'(%)%*+,- .'*'",- /,), 0/+1# $% 2#3/),

 !"#$# 2#4)",$#*567895:;'3'*,+1# $,- <#;4*,- 6 %  =6 $,- 3,")'>%- ? % @

(4*<"'#* 2#4)5($3525A*BCDED3,FEGE)EB#;EHEIJ

K H),*-(#)3,+1# $, L&: $% @;,<MND<O#;%- <#*-'$%),*$# # '*-",*"% P*,;

K H),*-(#)3,+1# $% c = f ∗ exp(+r ∗ T ) #*$% < ! # B,;#) $, #/+1#

K A*'<',;'>,+1# $#- /,)Q3%")#-

KD R S,;#) $# ?"'B# 0TU%"#V D3,F R S,;#) 3WF'3# $# ?"'B# 0TU%"#

KG R L)%+# $% %F%)<X<'#V ) R H,F, $% Y4)#-

KB#; R B#;,"';'$,$%V H R S%*<'3%*"#

K A*'<',;'>,+1# $, Z),$%

KI R 6[[V K A*"%)B,;# $# H C$'-<)%"'>,+1# $# HJ

K R 6[[V K A*"%)B,;# $# D C$'-<)%"'>,+1# $# DJ

M = N ;

&" R H\IV K&"

&D R D3,F\ V K&D

(R-/,)-%C>%)#-CI=6E =6JJV

?R-/,)-%C>%)#-CI56E 56JJV

@R-/,)-%C>%)#-CI56E 56JJV

$R-/,)-%C>%)#-CI56E 56JJV

K 2#*$'+]%- $% 2#*"#)*#

K S,;#) $# ?"'B# 0TU%"# *# S%*<'3%*"# C()#*"%'), $')%'",J

(#) ' R 6^ =6

stockprice(i) = (i− 1) ∗DS;

f(i, N + 1) = max(stockprice(i)−K, 0); K :F%)<X<'#

%*$V

K S,;#) $# ?"'B# 0TU%"# R [ C()#*"%'), -4/%)'#)J



 !"#$%&' ( )*

 !" # $ %&'(%

 )%*#+ $ ,-

./0-

1 234!" 0! 5678! 9:#.6! ; <=>7<! ) "!/6.7"3 7/ ."7!"+

 !" # $ % & '(%

 )?(%*#+ $ @-

./0-

1 A.B!4CDE! 03 .FC3DE! 3#GH7*#I%(:#GH7*#(J#GH7*#(%$H7(%*#

1 H!/B6"CDE! 03 ?36"7K J!< !B 834!".B 0. 3#* :# . J# . I3#* .# . IJ#

1 J34JC430!B 3/6."7!"<./6.

 !" 7 $ %&?

a(i) = 0.25 ∗ r ∗ (i) ∗Dt− 0.25 ∗ vol2 ∗ (i)2 ∗Dt;

b(i) = +1 + 0.5 ∗ vol2 ∗ (i)2 ∗Dt;

c(i) = −0.25 ∗ r ∗ (i) ∗Dt− 0.25 ∗ vol2 ∗ (i)2 ∗Dt;

e(i) = +1− 0.5 ∗ vol2 ∗Dt ∗ i2;

./0-

1 9:6./DE! 03 <36"7K 6"7073L!/34* M.43 .47<7/3DE! 03B J!4C/3B % . ?(% 03B

1 <36"7K.B 5 . N .* J!/B.FC./6.* BC:6"3DE! 0! 6."<! 3)%+G, 03 B.LC/03 47/O3 03

1 <36"7K  . −a(1) ∗K 03 M"7<.7"3 47/O3 0! 8.6!" 0 .< 6!0!B !B 7/B63/6.BP

N)%*%+$.)%+-

N)%*Q+$IJ)%+-

 !" # $ Q & ?IQ

N)#*#I%+ $ I3)#+-

N)#*#+ $ .)#+-

N)#*#(%+ $ IJ)#+-

./0-



 !"#$%&' ( )*

 !"#$%"#$& ' (!"#$&)

 !"#$%"#*& ' #+!"#$&)

,!$%$&'(!$&)

,!$%*&'#-!$&)

./0 1 ' * 2 "#*

,!1%1#$& ' +!1&)

,!1%1& ' 3!1&)

,!1%14$& ' -!1&)

(56)

,!"#$%"#$& ' (!"#$&)

,!"#$%"#*& ' #+!"#$&)

7 859(0:;/ 6+ "+<0=>

=59, ' =59!,&)

7 ?/@AB;/ 6/ :=:<(C+ !D+@-A@+#:( / 9(</0 6 E(@/ CF</6/ (GE@H-=</ ( / 9+@/0

7 6(:(1+6/ F /3<=6/ E(@+ CA@<=E@=-+B;/ 6+ C+<0=> =59, E(@/ 9(</0 6 -+@-A@+#

7 6/ E(@/ CF</6/ (GE@H-=</ +5<(0=/0C(5<(

./0 1 ' I2 #$2 $

f(2, j + 1) = f(2, j + 1)− (−a(1)) ∗K;

d = B ∗ f(2 : M, j + 1);

d(1) = d(1)− (−a(1)) ∗K;

f(2 : M, j) = invA ∗ d; 7 DJ@-A@/ 6/: K+@/0(:

7 L(:<( + -+6+ =5:<+5<( 6( <(CE/ -/C + -/56=B;/ M<=C+

./0 = ' $ 2 "4$

=. .!=%1& N .!=%14$&

.!=%1& ' .!=%14$&)

(56)



 !"#$%&' ( ))

 !"#

 !"#

c = f ;

$ %&' ()*&+ ' ),-.)  '/0  .12/-"& & / +.& exp(+r ∗ T )3 " '/ .&"&3 4)+) ' 

$  !,&!/+)+ & ()*&+ ") &456& " ,&.4+)3 " ( .&' "-(-"-+ & ()*&+ " 7

$  !,&!/+)"& 4 *& . '.& / +.& exp(r ∗ T )

c(:, 1) = exp(−r ∗ (T )) ∗ f(:, 1);

$8 + '2*/)"& ' +0 & ()*&+ &1/-"& !& 4&!/& .9"-& "& ( /&+ , !& -!'/)!/ 

$-!-,-)* :;<=>

disp(c((S/DS) + 1, 1))



 !"#$%&' ( ())

 !"#$# $% &'(%)%*+,- .'*'",- /,), 0/+1# $% 2#3/),

 !"#$# 2#4)",$#* 5 6789 5 &%:#3/#-'+1# ;< *,  ,")'= >)'$',?#*,@

(4*:"'#* 2#4)5($3525>)'5;<ABCB3,DCEC)CF#@C>CGH

I J*':',@'=,+1# $#- /,)K3%")#-

IB L M,@#) $# N"'F# 0OP%"#Q B3,D L M,@#) 3RD'3# $# N"'F# 0OP%"#

IE L S)%+# $% %D%):T:'#Q ) L >,D, $% U4)#-

IF#@ L F#@,"'@'$,$%Q > L M%*:'3%*"#

I J*':',@'=,+1# $, V),$%

IG L 6WWQ I J*"%)F,@# $# > A$'-:)%"'=,+1# $# >H

I L 6WWQ I J*"%)F,@# $# B A$'-:)%"'=,+1# $# BH

M = N ;

&" L >XGQ I&"

&B L B3,DX Q I&B

(L-/,)-%A=%)#-AGY6C Y6HHQ

NL-/,)-%A=%)#-AG56C 56HHQ

ZL-/,)-%A=%)#-AG56C 56HHQ

$L-/,)-%A=%)#-AG56C 56HHQ

I 2#*$'+[%- $% 2#*"#)*#

I M,@#) $# N"'F# 0OP%"# *# M%*:'3%*"# A()#*"%'), $')%'",H

(#) ' L 6 \  Y6

f(i, N + 1) = max((i− 1) ∗DS −K, 0);

%*$Q

I M,@#) $# N"'F# 0OP%"# L W A()#*"%'), -4/%)'#)H

(#) P L 6 \ GY6

(A6CPH L EQ

%*$Q



 !"#$%&' ( ()(

 !"#$% &$ '()*$ +,-.($ / 012)0$ 34%$5(.)%" )54.%)$%6

4$% - 7 8 9 :;8

43<;8=-6 7 >?

.5&?

 @1AB#$ &$C *"#$%.C &. "-= ,- . A- D E"%F0.(%$C &$ 0$&.#$

4$% ) 7 89<

a(i) = 0.25 ∗ r ∗ (i) ∗Dt− 0.25 ∗ vol2 ∗ (i)2 ∗Dt;

b(i) = +1 + 0.5 ∗ vol2 ∗ (i)2 ∗Dt;

c(i) = −0.25 ∗ r ∗ (i) ∗Dt− 0.25 ∗ vol2 ∗ (i)2 ∗Dt;

e(i) = +1− 0.5 ∗ vol2 ∗Dt ∗ i2;

.5&?

 +,(.5GH$ &" 0"(%)I (%)&)"J$5"#= E.#" .#)0)5"GH$ &"C A$#B5"C 8 . <;8 &"C

 0"(%)I.C ' . K .= A$5C.LB.5(.= CB,(%"GH$ &$ (.%0$ "386MN &" C.JB5&" #)5O" &"

 0"(%)I 4 . D"386MN &" E%)0.)%" #)5O" &$ *.($% & .0 ($&$C $C )5C("5(.CP

K38=867.386?

K38=Q67DA386?

4$% - 7 Q 9 <DQ

K3-=-D86 7 D"3-6?

K3-=-6 7 .3-6?

K3-=-;86 7 DA3-6?

.5&?

K3<D8=<D86 7 .3<D86?

K3<D8=<DQ6 7 D"3<D86?

'38=867,386?

'38=Q67A386?

4$% - 7 Q 9 <DQ



 !"#$%&' ( ()*

 !"#"$%& ' (!"&)

 !"#"& ' *!"&)

 !"#"+%& ' ,!"&)

-./)

 !0$%#0$%& ' *!0$%&)

 !0$%#0$1& ' (!0$%&)

2 3*4-.567 /(8 0(49:;-8 < - =

[L,U ] = lu(A);

>79 " ' ?@$%@%

2 8A*49(567 /7 4-9B7 (!%&CD /( 8-EA./( F:.G( /( B(49:; > -B 47/78 78 :.84(.4-8H

f(2, j + 1) = f(2, j + 1)− a(1) ∗K;

2 I7FA567 -JKFL,:4( $ BAF4:KF:,(567 /7 M(F79 /- >!@#"+%& K-F( B(49:; N

d = B ∗ f(2 : M, j + 1);

2 O(887 % .( 7*4-.567 /7 M-479 P

d(1) = d(1) + a(1) ∗K;

Q(1) = d(1);

>79 : ' 1 @ 0$%

Q(i) = d(i)− L(i, i− 1) ∗Q(i− 1);

-./)

2 O(887 % .( 7*4-.567 /7 M-479 > .7 :.84(.4- (4A(F !:&

f(M, j) = Q(M − 1)/U(M − 1,M − 1);

>79 :'!0$%&@$%@1

f(i, j) = (Q(i− 1)− U(i− 1, i) ∗ f(i+ 1, j))/U(i− 1, i− 1);

-./)

>79 : ' %@0+%

:> >!:#"& Q !!:$%&CRI$D&



 !"#$%&' ( ()*

f(i, j) = ((i− 1) ∗DS −K);

 !"#

 !"#

 !"#

$% & '()*+", ' &- , .+),& ,/*0", !, 1,!*, 23"0, ", . *,& 4 !, 0!'*+!* 

$0!050+) 6789:

c = f ;

c(:, 1) = exp(−r ∗ (T )) ∗ f(:, 1);

disp(c((S/DS) + 1, 1))



 !"!#$%&'()

 !" #$%#&'() *+ ,+ '+ -+ &./012/032 45 154042. 45 60.78 2/6239. 45 1845:8. 45 232:0;

2<=8 45 2/038. >=8 :0>5265.+  !"! #! $%&'%()#%) ?@%AB*(CC&$') DEEF+

 D" #$%#&'() *+ ,+ '+ -+ *!(+)#% #! $!(,-)',-%" .% /()",0+  -+:+"G &40/862 %57864)

DEEH+

 I" #J$*K) @+ -+ L+ MN5 O6070>P 8Q 8O/08>. 2>4 786O862/5 :02R0:0/05.+ 1%&(.)0 %2 3%0,',+)0

4+%.%56) 3+ F!) >+ F!) O+ SITUSHV) !WTI+

 V" #%&XX$X L+ Y+ -*,Z$%M[) &+ -+ @0>0/5 40\565>75 15/N84. 2>4 ]^1O O6875.;

.5. 260.0>P 0> /N5 O6070>P 8Q 78>/0>P5>/ 7:201.G $ ._>/N5.0.+ 1%&(.)0 %2 7,.).+,)0 ).#

8&).',')',-! 9.)06",") 3+ !I) >+ !I) O+ VS!UVTV) !WTF+

 H" #%&XX$X L+ Y+ -*,Z$%M[) &+ -+ MN5 32:^2/08> 8Q 2156072> O^/ 8O/08>.+ 1%&(.)0

%2 7,.).+!) 3+ ID) >+ ID) O+ VVWUVSD) !WTT+

 S" *,%`--) #+ -+a #&b(X'+ :;',%. 3(,+,.< *%#!0"+  -+:+"G `6c0>) !WWT+

 T" *(-M$) '+ ?+ $>d:0.5 5 232:02<=8 45 8O<e5. 48 1567248 2708>d608+  ()=)0>% #! 7%(?

5)'&() #! 4.<!.>)(,) #! 3(%#&@A%) &.78:2 C8:0/97>072 42 ?>0356.04245 45 -=8 C2^:8)

?-C) !WWV+

 F" *(?%M$'(X) f+ $ 1865 277^62/5 g>0/5 40Q565>75 2OO68h012/08> Q86 /N5 32:^2/08>

8Q 8O/08>.+ 1%&(.)0 %2 7,.).+,)0 ).# 8&).',')',-! 9.)06",") !WFD+

 W" *(i A+ *+) %+ -+ $+ MN5 32:^2/08> 8Q 8O/08>. Q86 2:/56>2/035 ./87N2./07 O6875..5.+

1%&(.)0 %2 7,.).+,)0 4+%.%5,+") O+ !VHU!SS) ]2>5068 !WTS+

 !E" '$L('$%$X) $+ B.-!"'5!.' -)0&)',%. ? '%%0" ).# '!+>.,C&!" 2%( #!'!(5,.,.< '>!

-)0&! %2 ).6 )""!'D  -+:+"G A8>N Z0:5_ Y -8>.) !WWS+

 !!" ,?JJ) A+ *+ :;@E!"F 7&'&(%" ! :&'(%" $!(,-)',-%"?G) !#,@A%+  -+:+"G &4+ X5c A56.5_G

C65>/075 ,2::;/624^<=8 #L Y @ ; #8:.2 45 L567248602. Y @^/^68.) DEES+

 !D" A %(Z`-(X) -+ '+a Z`JL(MM) C+  >! *)'>!5)',+" %2 7,.).+,)0 $!(,-)',-!"+  -+:+"G

*21R604P5 ?>0356.0/_ C65..) !WWS+

 !I" J$L#&%M(X '+ Y J$C&b%&) #+ A+ C+ + j2602/08>2: 0>5k^2:0/05. 2>4 /N5 O6070>P

8Q 2156072> 8O/08>.+ 9+') 9;;0,+).#)! *)'>!5)',+)!) >+ D!) O+ DSIUDFW) !WWE+

 !V" J&Lf%?#&%) &+ @+ 9-)0,)@A% #! +%.'()'% #! %;@E!"+  -+:+"G l#LY@m) !WWH+

 !H" L$JJ`$%`- $+ f+ & #%(*K) Z+ $+ H'%+>)"',+ *!'>%#" ,. 4+%.%5,+" ).# 7,.).+!+

 -+:+"G X86/N;,8::2>4 C^R:0.N0>P *81O2>_) !WFD+



 !"!#$%&'() *+,

 !"# $%&'()* +,- (, ., $, %/ 012343567 08613/693:/ :; 9<0 =765>?@5<:70@ 5677 :293:/

24353/A 1:B07,  !"#$%& !' ()$%$*+- (@5:76 C:739D5/356 B6 E/3F04@3B6B0 B0 GH: C6I7:-

EGC- /, JK- 2, !!LJM!!N"- !OLO,

 !L# $(P)QR- P, &, Q293:/ 243/53/A S<0/ I/B047T3/A @9:5> 409I4/@ 640 B3@5:/93/I:I@,

 !"#$%& !' ()$%$*)%& ,*!$!-)*.- F, !- /, "!- 2, !UVM!KK- !OL",

 !N# PQWPXYE(G- (, ., )0:436 B0 :2Z[0@\ 5:/502ZH: 0 0F:7IZH:, /+&! 0!#)1!$2+- F, !K

 

(R%RC%W- 2, "VMLN- @0901=4: !OO],

 !O# PQY(PG- ., &, Y, , W, ), 3"-+#)*%& 4+25!6. )$ ()$%$*+7  G,7,#\ &61=43BA0 E/3F,

C40@@- !OOL,

 U]# PE'XRG)(XR- $, X12730B =3/:1367 9400@, 85+  !"#$%& !' ()$%$*+- F, KK- /, J- 2,

LL!MN!N- ^I7T !OOK,

 U!# G%X)Q PX&*%PW_ PQ&*$%R- P, P, 9:%&)%;<! 6+ -=2!6!. $"-=#)*!. >%#% >#+*)?

@*%;<! 6+ 6+#):%2):!.A%>&)*%;<! %! -+#*%6! B#%.)&+)#!,  G,7,#\ (%(GC`aYb`RCC- !OOO,

 UU# G&*c%P)d- (, G, )<0 F67I693:/ :; S6446/9@\ X127010/93/A 6 /0S 6224:65<,  !"#?

$%& !' ()$%$*)%& ,*!$!-)*.- /, K- 2, LOMOK- !OLL,

 UJ# )%b(..% W,_ P%RW%..- P, C#)*)$D ()$%$*)%& E$.2#"-+$2.A 25+ ()$)2+ F)G+#+$*+

4+25!67  G,7,#\ c370T- U]]],

 UK# d*%RY- e, RI1043567 6/67T@3@ :; 6104356/ :293:/ 24353/A 3/ 6 ^I12?B3;I@3:/ 1:B07,

H!#I)$D >%>+#?J!*)+2+ K+$+#%&+L C%#).?M% F+'+$.+L (#%$*+ - !OOV,


